I. Introduction
uring the preliminary design phase of aircrafts, reliable and efficient prediction of flutter and dynamic aeroelastic behavior is important for making configuration decisions. During the design phase, the DoubletLattice Method (DLM) is typically used to predict dynamic aeroelastic characteristics of aircrafts, such as flutter and dynamic responses, with adjusted aerodynamics based on wind tunnel tests and/or steady Computational Fluid Dynamics (CFD) calculations, along with a structural beam or finite-element model (FEM) . 1 Although such adjusted-aerodynamics-based aeroelastic analysis can predict, to some extent, aeroelastic characteristics in the transonic regime, accurate analysis tool without adjusting aerodynamics is needed for the early design phase, where various design candidates have to be evaluated before the wind-tunnel test is conducted.
It is widely recognized that higher-fidelity tools that use Euler/Navier-Stokes CFD and structural FEMs hold significant advantages over liner panel methods like DLM in their ability to accurately predict the nonlinear flowfields in the transonic flow regime. A nonlinear aeroelastic simulation can be carried out by direct coupling of the CFD and the structural equations and can be used for prediction of transonic aeroelastic instabilities. However, such use of CFD-based aeroelastic simulations is largely limited to research environments [2] [3] [4] [5] and is not yet practical in an industrial design environment because they require large run times and significant computer resources.
Recently, significant research has been carried out in the development of Reduced-Order Models (ROMs) for the rapid evaluation of nonlinear unsteady aerodynamic forces. This concept suggests that the input-output relation of a complex CFD system can be represented by a relatively simple mathematical model, which is the ROM. Various
Reduced-Order Modeling for Generalized Aerodynamic Force
The Volterra theory of nonlinear systems states that the responses of a nonlinear system to an arbitrary input can be evaluated by multidimensional convolution integrals, each of which is associated with an internal kernel function. The main issue in the application of the Volterra theory is the identification of these kernel functions. This is typically derived from some known system's input-output relations. Once the kernels are identified, the response to an arbitrary input can be evaluated in a straightforward manner using convolution schemes.
Raveh et al. presented two Volterra-theory ROM approaches for the evaluation of nonlinear GAFs based on CFD computations. 17 In their study, impulse-type and step-type ROMs were used to evaluate the GAFs in the responses to forced-harmonic modal motions of the AGARD 445.6 wing, and step-type ROMs were proven to be less sensitive to the choice of input amplitude and time step than impulse-type ROMs and resulted in very good predictions of the forced-harmonic responses in the liner regime or for small excitation. Therefore, the step-type ROMs are applied to the evaluation of GAFs in the present study. 
where n is the discrete-time 
is the system's step response, that is, the response to a unit step, which in a discrete-time system is defined as
The first-order kernel of the first-order Volterra system, that is also be called the linear kernel, can be directly identified simply by feeding the step input of Eq.(3) to the system and recording the response. In realistic numerical applications, the step input may be of a modal amplitude 0 ξ , in which the first-order kernel is the normalized step response:
where [ ] n y 0 is the system's response to the step input of amplitude 0 ξ .
For the second-order system, the first and the second-order kernels can be identified as
where [ ] n y 2 is the system's response to the step input of amplitude 0 2ξ , and [ ]
is the double-step response, that is the system's response to double step inputs of amplitude 0 ξ occurring at times 1 k and 2 k . It should be noted that the first-order kernel of the first-order system [Eq. (4) ] is different from that of the secondorder system [Eq. (5)]. The first-order kernel of the second-order system is a weighted average of responses to different amplitudes.
A direct method to identify the CFD-system step response is to feed the input signal through the system and record the time history of the GAFs. This is done in two phases. In the first phase, the CFD equations are converged to a steady state condition. In the second phase, the step displacement of Eq.(3) is prescribed to each mode separately. This modal displacement is translated to physical displacements of the CFD surface grid points according to
and then applied to the whole grid. The term i φ in Eq. (7) is a vector describing the ith elastic mode shape in the CFD surface grid points. The GAFs are recorded during the convergence of the CFD response. At every time step they are calculated by a modal summation of the CFD surface forces [ ]
A complete database of the CFD-system response is constructed by logging all the modal step responses. From this database, the GAFs due to any arbitrary modal motion can be rapidly evaluated using convolution of Eq.(1) or Eq.(2).
Time-Domain Aeroelastic Analysis
The aeroelastic equation of motion in generalized coordinates is stated as
where GM , GB and GK are the generalized mass, damping and stiffness matrices, respectively, and A GF is the vector of generalized aerodynamic forces normalized by the dynamic pressure q . The second order accuracy central difference method is applied to discrete Eq. (9) 
Here, A matrices are given as
where t ∆ denotes time steps. Integrating Eq.(10) in time with evaluating A GF of Eq.(11) using the convolution scheme, the aeroelatic time-domain responses are obtained.
Frequency-Domain Aeroelastic Stability Analysis
The Laplace-transformed linearized aeroelastic equation of motion is stated as
where s is the Laplace variable. The 
where β are aerodynamic lag poles, N is the number of dimensions of lag terms and AE are frequencydependent aerodynamic matrices.
4.
Create 
where
and
The dimension of the aeroelastic model is (
, and M is the number of modes. This method enables the rapid evaluation of the aeroelastic system stability without requiring large computer resources.
III. Numerical Test Case
The presented ROM methodology of this study was demonstrated with the AGARD 445.6 wing and the WPN flutter model.
The AGARD 445.6 wing was tested for flutter characteristics in the Transonic Dynamic Tunnel at NASA Langley Research Center and was used as a test case in many studies of nonlinear unsteady aerodynamics. The wing is a 45-degree swept-back wing with a NACA 65A004 airfoil, panel aspect ratio of 1.65, and a taper ratio of 0.6576. Additional details regarding this wing can be found in Ref. 10 . Figure 1 shows the wing's elastic modes already mapped to the CFD surface grids, and frequencies. The mode shapes and frequencies were computed by MSC/NASTRAN with the structural plate model tuned to consist with the experimental mode shapes and frequencies in Ref. 10 . Figure 2 presents the flutter boundary for the AGARD wing obtained by experiment and the present simulation code. The computed flutter predictions agree well with experiment and well capture the transonic dip, which cannot be captured by NASTRAN with DLM.
The WPN flutter model consists of the wing-pylon-nacelle model geometrically similar to a typical commercial jet aircraft and rigid fuselage-like faring mounted on a wind tunnel wall as shown in Figure 3 . The wing root chord length is 0.106 m and the span length is 0.271 m. The mode shapes and frequencies of this model were also computed by MSC/NASTRAN. The mass and stiffness distributions were adjusted to be consistent with the ground vibration test. The first eight vibration modes and frequencies are described in Table 1 . The CFD meshes mapping mode shape are shown in Figure 4 . This WPN model was tested for flutter characteristics in the High-Speed Tunnel at Nagoya Aerospace Systems Mitsubishi Heavy Industries. 
Time-Domain GAF ROM
As a preliminary study, a ROM was identified for the GAFs that were developed in response to the sinusoidal excitation of the elastic modes for AGARD 445.6 wing and the WPN model at Mach number of 0.96 and 0.80, respectively. These Mach number conditions were determined from the direct aeroelastic simulation results shown in Fig.2 and Fig.5 as the Mach number around the transonic dip for the AGARD wing and the Mach number around the minimum flutter velocity for the WPN model.
AGARD 445.6 wing
For the AGARD wing, the step-response database was created at Mach 0.96 for all four modes. The step modal amplitudes were set to the same order as the direct simulation responses around the flutter point of Mach 0.96, and the non-dimensional time step of 0.05 was used for the step response calculations. Figure 6 shows the linear kernels for the GAFs of AGARD wing at Mach 0.96 derived from the step responses to the step inputs of the four modes (the four mode responses to the four mode inputs). Although the first bending mode kernel is well decayed and converged in a few time steps, the higher mode kernels need larger time steps of about a few hundreds. Figure 7 shows the direct responses in all four modes and the convolved responses using the kernels of Fig.6 to sinusoidal excitation of the first wing bending mode at a frequency of 40Hz, modal amplitude of 7.31e-4, and nondimensional time step of 0.0129. This frequency and amplitude correspond to the direct simulation response of the first wing bending mode around the flutter point at Mach 0.96, and this time step was used to lead to 1000 steps per cycle. The ROM resulted in good prediction for all modes.
Wing-Pylon-Nacelle model
The WPN model includes the static aeroelastic effect even at zero degrees angle of attack due to its cambered wing section. Therefore, the static aeroelastic solution was computed at 0.80 Mach number, zero degrees angle of attack, and 300 m/s Equivalent Air Speed (EAS) by restarting the converged steady, rigid solution. This EAS corresponds to the dynamic pressure condition near the experimental flutter point at Mach 0.80. Figure 8 shows the convergence histories of static aeroelastic solution where the artificially-excessive modal damping (0.99) results in an acceleration of the static aeroelastic convergence by attenuating dynamic transients. For the WPN model, the step calculations were restarted from this converged static aeroelastic solution, together with the step modal amplitudes of the same order as the direct simulation responses around the experimental flutter point of Mach 0.80 and the nondimensional time step of 0.02. The step-response database was created only for the first four modes to save the computational cost since the higher frequency modes had little effect on the critical mild flutter mode caused by coupling of the first two modes, the first wing bending and the nacelle pitching. Figure 9 shows the linear kernels for the GAFs of the WPN model at Mach 0.80 derived from the step responses starting from the converged static aeroelastic solution at 300 m/s EAS. Although the higher kernels need a few hundreds time steps for convergence, all mode kernels reach the constant values in 500 time steps. Figure 10 shows the direct responses in the first four modes and the convolved responses to sinusoidal excitation of the first wing bending mode at a frequency of 110 Hz, modal amplitude of 6.74e-4, and non-dimensional time step of 0.049, starting from the converged static aeroelastic solution at the above mentioned condition. This frequency and amplitude correspond to the direct simulation response of the first wing bending mode around the flutter boundary at Mach 0.80, and this time step was used to lead to 1,000 steps per cycle. The ROM resulted in good prediction for all modes except the nacelle pitching mode. Slight discrepancies for the nacelle pitching mode in terms of amplitude and phase between the direct and the convolved responses may be because numerical errors due to the grid quality during the mesh deformation of the nacelle pitching motion cannot be ignored.
Time-Domain Aeroelastic Analysis
In the present study, the time-domain aeroelastic analysis using the Euler-based GAF ROMs was conducted only for the AGARD wing due to the difficulty in predicting the exact mild flutter point of the WPN model from the harmonic time-domain responses as mentioned above.
The Euler-based GAF ROM kernels of Fig.6 were used to conduct the time-domain aeroelastic analysis of the AGARD wing, at Mach 0.96, zero degrees angle of attack, and 53.6 m/s EAS, by integrating Eq.(10) in time with evaluating GAF using the convolution scheme. Figure 11 shows the effects of kernel length on convolved aeroelastic responses based on the linear kernel and the first-order kernel. The damping obtained from the convolved responses reaches the constant value, which is the same as one obtained from the direct aeroelastic response, around 500 steps of kernel length. Figure 12 presents convolved and direct aeroelastic responses showing the two convolved responses that are based on liner kernel and first-order kernel with kernel length of 500 steps. The convolved responses of Fig.12 agree well with the direct responses, and there is no remarkable difference between the liner and the first-order convolved responses. Five thousand unsteady CFD iterations were required to obtain the direct responses shown in Fig.12 for a specific Mach number, angle of attack and dynamic pressure, while 2,000 (500×4 modes) and 4,000 (500×4 modes×2 amplitudes) unsteady CFD iterations were conducted to obtain the liner and the first-order convolved responses in Fig.12 , respectively. Since the same kernel can be used to obtain the convolved responses for the conditions where Mach number and angle of attack are the same as the kernels are identified, the convolution approach can reduce the computational costs significantly for flutter boundary prediction compared with the direct approach where the matched-point computations are required for dynamic pressure variation.
Assuming five dynamic pressure variations of the direct simulation are needed for the flutter point prediction at a given Mach number and an angle of attack, the computational cost of ROM prediction can be reduced by up to 90% for the liner kernel ROM, and reduced by up to 80% for the first-order kernel ROM. However, the present ROM approach needs further work to improve the efficiency of the kernel identification. In the present study, the aerodynamic step responses to identify GAF ROM kernels were computed using the CFD-based direct simulation code via the excitation of one mode at a time. For a four-modes system, these computations were not very expensive. However, for more realistic cases where the number of modes can be an order of magnitude or more larger, the onemode-at-a-time method becomes impractical. Towards the solution of this problem, Raveh 20 , Kim 21 and Kim 22 et al, Silva 23 developed methods that enable the simultaneous excitation of the modes, greatly reducing the cost of identifying the aerodynamic responses from CFD code. These solutions could help reduce the computational cost of the present ROM approach for realistic cases where many modes must be considered.
Frequency-Domain Aeroelastic Stability Analysis
The frequency-domain aeroelastic stability analysis using the Euler-based GAF ROMs was conducted for the AGARD wing and the WPN model as described in the following sections.
AGARD 445.6 wing
The GAFs for the all four modes of the AGARD wing at Mach 0.96 were computed as a function of reduced frequency using the liner kernels of Fig.6 with the kernel length of 500 steps. responses. The Roger's approximation matches very well with the GAF ROM at the distinct reduced frequencies. A comparison of the Euler and the DLM results indicates differences in the terms GAF 12 , GAF 21 and GAF 22 at the experimental flutter reduced frequency of 0.1. Among the differences, the diagonal term GAF 22 obtained by the DLM shows a relative large decrease in the magnitude of the imaginary part compared to the Euler-ROM result. The term GAF 22 corresponds to the torsion mode GAF due to torsion motion, which is similar to wing unsteady momentcurve slope. Figure 14 shows the V-g plot obtained by the aeroelastic stability analysis using the Euler-based GAF ROM, together with the results from NASTRAN flutter analysis using p-k method and DLM aerodynamics. The ROM flutter prediction matches very well with the direct simulation result and well captures the transonic dip, which cannot be captured by NASTRAN with DLM.
The computational cost for identifying the GAFs of Fig.13 for the all four modes based on a data set of 6,000 points which is averaged by overlapped data sets of 2 11 points along a range of reduced frequencies is small, approximately a few minutes on a 3-GHz Dual-Core-Xeon-based personal computer. Moreover, creating the stepresponse database for identifying the linear kernels at a specific Mach number for all four modes required 2,000 (500×4 modes for the linear kernels) unsteady CFD iterations resulted in the CPU time of about 12 hours on SX-8 with 1 CPU, while the direct simulation required the CPU time of about 30 hours on the same computer to obtain the aeroelastic responses at a given Mach number, angle of attack and EAS. Thus the present aeroelastic stability analysis using the GAF ROMs can provide a significant computational time saving to evaluate the flutter boundary compared to direct simulation.
Wing-Pylon-Nacelle model
The GAFs for the first four modes of the WPN model at Mach 0.80 were computed as a function of reduced frequency using the linear kernel of Fig.9 with the kernel length of 500 steps. responses. The Roger's approximation matches very well with the GAF ROM at the distinct reduced frequencies. Fig.15 indicates that the diagonal term GAF 22 shows significant difference in the real parts of the Euler and the DLM results at the experimental flutter reduced frequency of 0.1. Since the term GAF 22 corresponds to the nacelle pitching mode GAF (wing torsion mode GAF) due to nacelle pitching motion (wing torsion motion), the decrease in the magnitude of the real part of GAF 22 is associated with an aft shift of the aerodynamic center of the wing. Figure 16 shows the V-g plots obtained by the aeroelastic stability analysis using the Euler-based GAF ROM, together with the results from NASTRAN flutter analysis using p-k method and DLM aerodynamics. The ROM flutter prediction agree well with experiment while the NASTRAN under-predicts the flutter velocity by about 7%.
The computational cost for identifying the GAFs of Fig.15 for the four modes is small, approximately a few minutes on the above mentioned personal computer. Moreover, creating the step-response database for identifying the linear kernels at a specific Mach number for all four modes required 2,000 (500×4 modes for the linear kernels) unsteady CFD iterations resulted in the CPU time of about 21 hours on SX-8 with 1 CPU, while the direct simulation required more than 10,000 unsteady CFD iteration resulted in the CPU time of more than 200 hours on the same computer to obtain the aeroelastic responses shown in Fig.5 at a given Mach number, angle of attack and EAS. Aeroelastic responses for the long period of time were required to observe them stable or unstable for the mild flutter mode resulted in such a large number of the CFD iterations for the direct simulation. The computational cost of the direct simulation is almost impractical in an industrial computing environment and the present ROM approach appears promising in reducing the computational cost to enable the practical use of the CFD-based flutter prediction. 0  500  500 500  500  1000  1000 1000  1000 1500  1500 1500  1500 2000  2000 2000  2000 2500  2500 2500  2500 3000  3000 3000  3000 3500  3500 3500  3500 4000  4000 4000  4000 4500  4500 -6.E-6 -6.E-6 -6.E-6 -6.E-6 -3.E-6 -3.E-6 -3.E-6 -3.E-6 0.E+0 0.E+0 0.E+0 0.E+0
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IV. Conclusion
The paper presented efficient flutter computations for the AGARD wing and the WPN model, using a fully implicit aeroelastic unstructured-mesh Euler solver coupled with a linear structural dynamics solver and the steptype Volterra ROM. The ROM was used for the rapid evaluation of nonlinear GAFs both in a time-domain and a frequency-domain. The convolved time-domain GAFs in response to the sinusoidal excitation of the elastic modes agreed well with the direct computation results. The ROM-based time-domain flutter computation for the AGARD GAF 11 GAF 12 GAF 21 GAF 22
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wing were very rapid and provided accurate results compared with the direct simulation results. However, the present ROM approach should be further studied to improve the efficiency of kernel identification for more realistic case in which many modes must be considered. The simultaneous excitation methods already developed by many researchers [20] [21] [22] [23] could solve the problem. The frequency-domain GAFs were rapidly computed for the AGARD wing and the WPN model as a function of reduced frequency using the linear kernels with kernel length of 500 steps and were used to perform the flutter stability analysis to obtain the V-g plots. The ROM flutter prediction agreed well with experiment while the NASTRAN over-estimated the flutter velocity at Mach 0.96 by about 60% for the AGARD wing and under-estimated the flutter velocity at Mach 0.80 by about 7% for the WPN model. Although the computational cost of the present CFD-based direct simulation was almost impractical in an industrial computing environment, the present ROM approach appeared promising in reducing the computational cost to enable the practical use of the CFD-based flutter prediction.
